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Abstract

Multiplicity distributions for ete™— hadrons recently reported by the
AMY and DELPHI collaborations are compared to the data obtained at lower
energies. It is proven that the new data obey the KNO-G scaling and the scal-
ing function can be described by the lognormal distribution. The dispersions
are linear functions of the mean as for the data measured at lower energies and
the standardized moments (such as skewness and kurtosis) are independent of
the energy. The energy dependence of the average multiplicity is described by

{ngd) = s> — 1.



1 Introduction

Recently new data on multiplicity distributions for the et e~ collisions by the two large col-
laborations AMY and DELPHI were published. Data obtained by the AMY collaboration
[1] were obtained at the TRISTAN collider and cover the energy range /s = 50+-61.4 GeV.
The DELPHI collaboration has published data taken at the LEP collider at /s = 91 GeV
[2]. These new data are important because they extend considerably the energy range
available for the study. In the following they are compared with the multiplicity data
obtained at lower energies [3,4] and with earlier TRISTAN and LEP data [5].

We have found that the multiplicity distributions measured at lower energies (up to
the /s = 44 GeV, TASSO data) obey the KNO-G scaling [6] and that they can be
described by the lognormal distribution [7,8]. These facts can be explained by assuming
that multiparticle production in e*e~interactions is a special kind of a branching process
[8,9]. In the present paper we give the proof that the new data have similar properties as
the earlier ones.

Section 2 contains the short description of a fitting procedure. The AMY and DELPHI
data are analyzed in Sections 3 and 4. Section 5 is devoted to comparison of the various
data. The dependence of the average multiplicity on the energy is discussed in Section 6.

2 Fitting procedure

The lognormal distribution is a continuous function whereas the multiplicity distribution
is by definition a discrete function. Thus to calculate the probability P, to produce
‘n particles one should integrate the density f(7) (we use the tilde sign to stress the
continuity of the variable ! ):

nt1
P, = ] f(7)dn (2.1)
N 1 Mn(# + ¢f) = us)*
f(ﬂ) - \/2—71_0_ ’ K +Cf exp (_ 9 o2 ) ’ (22)

where ¢s, uy, and ¢ are parameters and N is a normalization constant.

Obviously, formula (2.1) is written for n taking values 0,1,2,.... Thus before using
this formula the experimentally measured charged multipliaty n., = 0,2,4,... should be
converted into n (n = ng/2). The formulae {2.1) and (2.2) can be fitted directly to the
data. However the parameters can vary with the collision energy. Thus we advocate to
rewrite these formulae in a scale-invariant form

1@ =5 (%) 23)

and by substitution into (2.1)

=z, c¢=cli), uy=up+In(A) | (2.4)

e
3:'3!

The concept of the ”continuous multiplicity” was introduced in this context in Rc;f. [6] and developed
in [10]. See also Section 7 in Ref. [9].



we obtain

__N 1 ln(z + ¢) — 4f’
Z/)(z)—\/Q_wa z+cexP(_ 202 )’

where () denotes the continuous average multiplicity defined as

[e s}

() = ]ﬁf(ﬁ)dﬁ = ]Oﬁv,b(z)dz : (2.6)

0

The continuous mean multiplicity defined by (2.6) is different from the usual form {n) =

Z nP,, but for (n) 2 1it can be approximated by a simple formula (see Ref. [10])

(i) = (n) + 0.5 . (2.7)

The scaling function t(z) does not depend on the energy and all parameters of the
lognormal distribution are constant.

It is worthwhile to mention that the dispersion of ¥(z) is equal to

2

D =/(22) — {z)2 = exp (,u + 3'2—) Jexp(a?) - 1. (2.8)

In practice it is convenient to use the primitive function of 1/(z) denoted by ¢(z)

o(2) = f (2 erfc (l—nif-;—é‘%—lﬁ) . (2.9)

The symbol "erfc” stands {or the complementary error function {11]

erfc(z ePdt | (2.10)

G /
Now the probability can be calculated as

o (n+])/<a>¢(z)dz . (n(g)l) 4 ((&) _ (2.11)

1)
n/ (i) )

The scaling of the above form is called the “KNO-G scaling” [6,10] to be dlstlngulshed
from the usual KNO scaling [12]

n = % YENO ('(:-)') : (2.12)

Parameter N is given by the first normalization condition
S P, = ] f(A)dR = f $(z)dz = —(0) =1 . (2.13)
0 0

Hence?

2We assume that ¢ > 0. If ¢ < 0 then N = 1.



N =2/ erc (I“\;{a“) . (2.14)

Parameters j,c and o are constrained by the second normalization condition

oo

(z) = 7z¢(z)dz =- ] #z)dz=1. (2.15)

Hence
erfc (1/ — cr/\/i) o2 lne— '
. e — = = ne . '
erfe (0) exp (p, + 5 ) c¢=1, where v —-—-—-—£\/§ ~ (2.16)

However, for not too large ¢ and ¢ (which is the case in ete™ multiplicity distribution)
one can use the approximations

o?
N=~1, exp(,u+-2-)—cz1. (2.17)

Thus because of the normalization conditions (2.14) and (2.16) the lognormal function
(z) has only two free parameters. In principle one can fit e.g. ¢ and ¢ and calculate
N and c just from these conditions. However u and o are strongly correlated, thus the
fitting procedure is unstable and obtained values of 4 and ¢ are more or less accidental.
Moreover, a correct error analysis is almost impossible.

A better solution. is to take the weakly correlated shift ¢ and dispersion D as free
parameters to be fitted and then calculate  and ¢ from (2.17) and (2.8)

2

a:Jln[(lfC)z-l-l}, p=ln(c—|—1)——%—. (2.18)

Then ¢, 4 and o can be substituted into (2.9) and P, calculated from (2.11).

3 DELPHI data

In the new DELPHI collaboration paper [2] the fit of the lognormal distribution to the
data is done according to the formulae (2.1) and (2.2), except that the charged multiplicity
nc, was not converted into n = ny, /2 before fitting (see the sentence below the formula
(2.2)). Therefore we add superscript “ch” to their parameters ¢; and pg

¢ =75+23, uf =3.36=+0.08 and ¢ = 0.214 £ 0.018 with y*/ NDF = 4/18.

Using (2.4) (but with 2(7} instead of (7)) and (2.8) these DELPHI values can be approx-
imately converted to

c=033, =025 and D =0.285.
Treating ¢ and D as free parameters we have obtained

c=027+0.12 and D =0.284 4 0.007



with the similar x* as obtained by DELPHI (see Table 1). The fitted lognormal distribu-
tion is presented in Fig. 1 as a continuous line in linear and logarithmic scale. In the same
figure the dotted line represents a global fit to various experiments, which is discussed in
Sec.5.

In our opinion the most sensitive test of the goodness of the fit is the ratio of mea-
sured to calculated distribution. The DELPHI data and the lognormal distribution are
presented in this manner in Fig. 2. It is seen that there are no systematic deviations and
the statistical fluctuations are within the range of errors.

Another convenient test for the lognormal distribution is the probit diagram because
1t converts the lognormal curve to the straight line. The definition of the probit diagram
is presented e.g. in Refl. [13}. The explanation of how to apply it to the multiplicity
distribution is given in Ref. [8,9]. The probit diagram for the DELPHI data is shown in
Ig. 3.

4 AMY data

The AMY collaboration have measured multiplicity distribution at eight energies in the
range /s = 50 + 61.4 GeV [1]. In order to increase statistics the authors published also
combined data, calling them: the 57 GeV data. However in our opinion the procedure
of combining data is in this case unacceptable because careful checking of the tables
presented by the AMY collaboration shows considerable energy dependence at the tails
of the distributions. The only way to compare distributions at various energies is to use
their scaling properties. However in doing this one should remember differences between
the KNO-G and the usual KNO scaling. In case of the KNO-G the invariant reduced
multiplicity should be defined as z = n/(n) [6,10). However in the investigated energy

range the approximation (2.7) can be used
L n Neh
= — R ~ . 4.1
()~ (n) 405  (ng)+1 (4.1)

To produce a plot for the KNO-G, which is equivalent to the standard KNO plot, we
should approximate the integral in (2.11) by the value at the middle of the integration
range :

{nt1)/(R) ‘
1 n+0.5 1 n+ 0.5
" /{5 oiekte g ()~ s (Gves) = 2

_ 1 eh + 1 )
B (nch)+1 (nep) + 1

Thus instead of usually plotted

(nen) - Pn, versus ok (4.3)

{ren)
for the KNO-G we should plot

_ N + 1
({new) +1)- P,, versus o) F 1 ° (4.4)



The AMY data at different energies are presented in this manner in Fig. 4.

We have fitted the lognormal distribution to each of the AMY distributions separately
in the way described in Sec. 2. The results are given in Table 1. All the AMY data were
also fitted simultaneously (see Table 1), and a very good x* was obtained (x?/NDF =
0.35). '

The resulting curve is plotted in Fig. 4 as a dashed line. Taking into account the value
of x* and the graphical presentation in Fig. 4 one might conclude that the fit is very
satisfactory. However, a more sensitive test presented in Fig. 5a shows that this fit is not
good at all! The large systematic deviation of the fitted distribution from the data are
seen.’ '

We have checked that this situation results from only a few highest multiplicity data
points which have very large errors, comparable with the value of the probability itself.
Thus the fit was repeated after removing the last three points from each distribution.
This cut is equivalent to taking z < 1.9. The resulting curve is plotted in Fig. 4 as a
continuous line and values of the parameters are given in Table 1. After the cut the ratio
P,(exp.)/ P,(fit), which is presented in Fig. 5b, shows much smaller systematic deviations
from unity.

We have also compared the global fit to the whole collection of data [3,4,5] (Sec.5)
with the AMY data. This fit is shown in Fig. 4 as a dotted line. _

Figure 6 presents the probit diagram for the AMY data which again proves the log-
normal shape of the data.

5 Comparison of data at various energies

It was mentioned in Sec. 2 that if the data obey scaling then the parameters of the
lognormal distribution should not vary with the energy. We have checked it explicitly.
The lognormal distribution was fitted to each of data sets measured by LENA, JADE,
HRS, TASSO, AMY and DELPHI collaborations [1,2,4]. The resulting values of ¢, D and
x? are given in Table 1. The dependence of c and D on the energy is plotted in Fig. 7.

It is obvious from Table 1 and Fig. 7 that the parameters indeed seem to be indepen-
dent of the collision energy. However some systematic differences between experiments
exceeding the plotted statistical errors are seen.

Parameter D) is just the width of a distribution. Thus the value of D for the HRS data
is considerably lower than for all other distributions, which confirms the well known fact
that the distribution measured by the HRS experiment is narrower than others. Also the
value of x?/NDF for HRS data is largest.

The set of fitted ¢ parameters has more complicated structure. The JADE distributions
are characterized by the lowest values of c. The AMY and DELPHI values of ¢ lay in the
middle. The highest values of ¢ are characteristic for the LENA, HRS and TASSO data.

The differences described above mean that the studied distributions differ slightly in
the lowest multiplicities to which the parameter ¢ is sensitive. 1t seems to be under-
standable because usually low multiplicity events are not observed experimentally and
published values for these topologies are taken from Monie Carlo programs. Thus the

1t is a good illustration of an obvious (but often forgotten) fact that sometimes the minimum of the
x? does not define the best approximation and that the value of the x? can be misleading even if it is
accompanied by a graphical presentation which is not sensitive enough to systematic deviations.




differences between the fitted values of ¢ show the differences between the various Monte
Carlo programs rather than between experimentally measured data.

Thus we may conclude that the absence of a systematic dependence of the fitted
parameters on the energy proves again the scaling. Data measured at various energies
can be described by a unique lognormal distribution.

To estimate the parameters of this unique distribution we have applied the fitting
procedure described in Sec. 2 to all data sets at once. The results are given in Table 1 for
the whole sample as well as for the individual distributions. The comparison of the global
fit with the AMY and DELPHI data is presented in Figs. 1 and 4 where the dotted curve
represents the global fit.

Another way to compare various data and to study the scaling properties is to check the
behavior of certain statistical moments. The KNO-G scaling predicts that the dispersions

Dy =] Z (neh — (nch)) P.,)F | (5.1)

Nep=2

are linear functions of the mean and the standardized moments

- %ﬂ_ (5.2)
v = (%)3 (skewness) (5.3)
Yo = (%)4 (kurtosis) (5.4)

are constants. _

Figs. 8 and 9, in which the above mentioned moments are plotted as functions of the
average multiplicity, confirm above mentioned properties. The line in Fig. 8 is calculated
using the global fit described above.

6 The average multiplicity

The bivariate branching process [8,9] — the same mechanism which implies the lognormal
shape of the multiplicity distribution ~ predicts for the average multiplicity

(7) = B s (6.1)
or (using approximation (2.7))
(nen) =Ps*—1. ' (6.2)

The fit to the data [3,4,5] presented in Ref. [8] gives « = 0.221 and # = 2.96. The resulting
curve is presented in Fig. 10. The new AMY [1] and DELPHI [2] data are also plotted in
this figure. A good agreement of the new data with the line (6.2) is seen.

As a side remark we would like to mention that the unity in (6.2) is not a particular
feature of our branching approach. In fact all published models which predict the power
low for the average multiplicity obtain such behavior in the continuous limit. It means
that they give the power low for the continuous mean multiplicity (%2} (6.1) rather than
for the discrete one (n.) = 8 s, which is usually suggested. Thus careful investigation
shows that the unity as in (6.2) should appear in all models predicting the power low for
the increase in the mean multiplicity with the energy.

6



7 Conclusions

It was checked that the AMY and DELPHI multiplicity data which doubled the available
energy range for e*ecollisions have the same properties as observed for data obtained in
experiments at lower energies. All available data can be described by the unique lognormal
distribution using scaling variables.

The possible explanation of that fact was presented in Ref. {8,9]. The lognormal djs-
tribution appears as a result of a special kind of a branching process (bivariate branching)
described in {8]. A characteristic feature of this branching process which makes it more
realistic than others is that it is evaluated in the two variables: multiplicity and energy
simultaneously.

- A good agreement between prediction given in our earlier papers [7,8] and the new
AMY and DELPHI multiplicity data may prove the value of proposed multiparticle pro-
duction mechanism.
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Figure captions

Fig. 1

The multiplicity distribution measured by the DELPHI collaboration [2] at /s = 91 GeV.
Continuous line represents the fit to the DELPHI data, dotted line - the global fit to the
whole data set described in the text and Table 1.

Fig. 2 .
The ratio of P.(exp.}/P,(lognormal) plotted as a function of the reduced multiplicity
z =nf{(n) for the DELPHI data [2].

Fig. 3
Probit diagram for the DELPHI data [2].

Fig. 4 :

The multiplicity distributions measured by the AMY collaboration [1] plotted in approx-
imately scale-invariant form (see text). Continuous line represents the fit to the AMY
data without the last three points of each distribution, dashed line - fit to the AMY data
with no cuts, dotted line — global fit to the data set described in the text and Table 1.

Fig. 5

The ratio of P,(exp.)/P.(lognormal) plotted as a function of the reduced multiplicity
z = nf(it} for the AMY data [1]. (a): fit with no cuts, (b): fit without the last three
points from each distribution (2 < 1.9). |

Fig. 6
Probit diagram for the AMY data {1].

Fig. 7 .
Parameters of the lognormal distribution fits plotted as a function of the collision energy.

Fig. 8

The dispersions Dy, D3 and D, plotted as a function of mean multiplicity for the ete~
data [1,2,4]. The solid line is calculated with the lognormal distribution globally fitted to
the data set described in the text.

Fig. 9
The standardized moments @, +; and 7, plotted against the mean multiplicity for the
ete” data [1,2,4].

Fig. 10 :

The average multiplicity {n.) plotted as a function of centre of mass energy /s for the
multiplicity data measured by the indicated collaboration teams [1,2,3,4,5]. The solid line
corresponds to the formula (6.2): {n.,) = 2.96-s%* -1 .

}



Table 1

Results of fits of the lognormal distribution to the e*e~ multiplicity distributions.

Parameters obtained for each experimental data set are indicated in the left part of the table.
At the bottom the parameters obtained for the whole collection of data (global fit) are given. In the
right part of the table the goodness of the description of the individual data by the globally fitted
lognormal distribution is presented.

Errors correspond to change of x? of 1.

fit to the specified data set “global fit”

experiment | /s c I D [NDFT  x* [ x*/noF || NDF | x* | x*/noF

LENA 74154 + 4.00]0298 + 0020 31 211 0.70 5| 3.92 0.78

89064 + 1980289 £ 0.045 3]10.95 3.65 5{ 11.35 2.27

93] 1.07 & 237{0300 + 0.087 4| 044 011 6] 2.01 0.33

JADE 120]/0.11 £ 054]0.316 + 0.044 8] 4.03 0.50 10 8.01 0.80

300(000 + 023[0284 + 0.023| 11| 3.92 0.36 13| 6.57 0.51

350008 + 0.46[0.293 + 0026 11| 1.60| 0.15 13| 3.0 0.24
| HRS | 290117 + 032[0262 + 0004 12] 515] 043[[ 14 4752 3.39]

TASSO 1401066 + 022]0.289 £ 0006 11| 8.82 0.80 13| 19.81 1.52

220076 + 0.23[0.284 + 0.005| 12| 1.94 0.16 14| 812 0.58

3481073 &+ 0.11[0281 + 0003 16( 9.21 0.58 18] 21.24 1.18

436119 + 0.27]0.282 £ 0.004| 17| 9.35 0.55 19 29.90 1.57

all 081 + 0.06[0.282 + 0.002] 62[41.47 0671 641 79.07 1.24

AMY 50.0 [[0.50 + 0.40[0.269 + 0.018] 14 1.95 0.14 16} 3.98 0.25

#2519 520043 + 028[0279 + 0014 14| 3.17 0.23 16¢ 3.71 0.23

' 550( 048 + 026[0274 £ 0014 14| 1.13 0.08 161 2.50 0.16

56.0 034 + 022[0290 + 0015 14} 0.75 0.05 16| 247 0.15

57.0 | 0.39 + 021 0.285 + 0017 14} 1.52 0.11 16| 2.82 0.18

60.0 [041 + 0300288 + 0017 15{ 2.07 0.14 17{ 298 0.18

6081029 + 019[028 + 0016| 15| 0.94 0.06 17| 641 0.38

614024 4+ 0.19[0288 + 0.015) 15{ 181 0.12 17| 9.38 0.55

all 035 + 0.06[0.282 + 0.004 [ 129]19.0 0.15 [ 131] 34.25 0.26

no cuts all | 061 + 0.06|0.268 £ 0.003 | 153]53.31 0.35 — — -
[.DELPHI [910]027 + 0120284 + 0.007] 18] 439] 023 21] 1274 0.61]
( all 1056 & 0.03[0277 + 0.001] T -] - 282]20855] 0.74 ]
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